HIERARCHICAL CORRELATION RECONSTRUCTION

for time series, conditional distribution (Bayes) model)s(
(nonlinear, adaptive, all-directional) artificial neurons

p(Y,Z1X) v
pXY2)

A

p(X|V,Z)

How to model/estimate density from a data sample?
MSE fit polynomial p(x) = Y ¢cpar f(x) (in (f) orthonormal basis)

also for joint distribution, non-stationarity, missing data

Moments/cumulants | p(x) = Yras f(x) | Machine learning
# parameters low - rough from low to high high - accurate
estimation | g m, = %erx il | e = ﬁer +f(x) | usually iteration
Interpretable? yes Yes: mixed moments depends
Independently? yes Yes (adapt, missing) depends
Unique? yes yes (MSE) often huge freedom
Accuracy? controllable controllable usually uncontrollable
Density? moment problem YES: Yrarf(x) depends
— complete depends yes depends
each variable independent  ~ correlation coef. Jarek Duda, U] (intro, talk)
normalized
to ~uniform
pair-wise -

joint density

—
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https://en.wikipedia.org/wiki/Moment_problem
http://th.if.uj.edu.pl/~dudaj/
https://community.wolfram.com/groups/-/m/t/3017754
https://youtu.be/TdkgUIR24Ck

Articles using hierarchical correlation reconstruction: introduction with Mathematica code
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n = 100 size 1D sample (from degree = 3), density estimated as polynomial:

on [-1,1] ~ (deg m — oo leads to sum of Dirac deltas)

»inormalization
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m £=10.001

Derivation: n = 25 size sample m

T

KDE (kernel density estimation): L o0
Jde + €-width Gaussian in each poiﬂ WM ‘

Find pa(x) = X, a;f;(x) minim. MSE - |
argmin | (pg — ge)?dx = ﬂUW‘VW i

argmin llpall” = 2(p g6 + lgel? /\
/

j/\/\\)ﬁ/ , /Q\/

Taklng € >0, (PoGe) = Lxex Pa(x) ) W i

Removing llr% lgell? = 0 which does not affect parameters a
€—
Using orthonormal: (fl-,fj) = ffi(x)fj(x)dx = §;; e.g.on [0,1]¢
argmin llpgl1* == " p(x) = argmin Z(a,) WX
xeX X€EX JEB

minimum: aa]_ =0 = aj = ﬁz fi(x)

xeX


https://arxiv.org/pdf/1702.02144

uniform
.

T T

PDF p

In practice: normalize each variable

)

xt =

to ~ uniform distribution

CDF(y*

(1/2: median, position: quantile, like copula)

d[ 4ad

Then fit polynomial as joint distribution
(daily log returns: In(v;,1/v¢))
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(xt1,x") pairs from TRV series + used estimated density p isolines

var-var

further statistical dependencies

~ correlation coef.

independent

pair-wise
joint density
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https://en.wikipedia.org/wiki/Copula_(probability_theory)

Basic application: many mixed-moment features e.g. for time series classification

Standard: pairwise correlation “11”, here: also higher, “triple+”wise, time dependent

PCA: correlation matrix

A= 0.0044, 0.00048, 0.00032, 0.00025, 0.00024
first & eigenvectors
of covariance matrix

Dow Jones 29 companies, 10 year daily
arXiv:1807.04119

average 11 coefficients

similar
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HCR: each variable normalized to ~uniform distribution with Laplace CDF,
pairwise joint density ~ + coef11 - .+ coef12 - i+ coef21 - lll+ coef22 - .
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Density

10

Normalization x = CDF(y) to x ~ uniform[0, 1]

Generalized normal distribution/EPD p ~ exp(—|x|*) -

o
T

logarithms of 100+ years of
- Dow Jones daily averages

0.6 ‘ : : , i
5=0.5 zltake differences y(t) = In(v(t+1)) - In(v(£))
A 1 lx-ul \
— =3 p = exp 2 CDF of estimated
M — p=s < ' _ Laplace distribution -
,u = median
0.3 ~ 1 ~ 06}
b=—-2ilx — /
0.2f . x(t) = Laplace_CDF(y(t))
02 normalized to
ol | Normalization ~ uniform on [0,1]
I . . 001 o1 W 0 0.03
contains tail model LB A
0.0'5 = =3 5 I > 3
Levy/stable distribution p |x|~17¢ tail (co moments):
0.7 T T
0.6 Student’s t-dist.:
0.5 SLAE
' t2\ 2
p X (1 + ?) ;
e "g’sorte(iwgk(t] values:
0 Gauss of n = v — 1_ line for perfect distribution ~ A
' '(unconditional coverage test quantile a
s Cauchy forv=1 ostfor all quantilesa) "  of estimated
' > “Laplace distribution
0.1 co moments = v ° (defining VaR: Value at Risk)
DAZ? = - . = an- 2
0.0 ' quantile in population

1 L
5000 10000 15000 20000 25000 30000


https://en.wikipedia.org/wiki/Generalized_normal_distribution
https://en.wikipedia.org/wiki/Laplace_distribution
https://en.wikipedia.org/wiki/Stable_distribution
https://en.wikipedia.org/wiki/Student%27s_t-distribution
https://en.wikipedia.org/wiki/Cauchy_distribution

polynomial p —  calibration — density

v ° 4 s | ¢ . . ! ?
= 095 ® 4 . o . ® °

E.g. for ARMA/ARCH enhancement & s . \ : . |

/ = °
. . Q_‘ 0.85 & .

Gaussian-based, often terrible LL S ly —
| p(y) xexp (— - ) .

(80: 1/3 - 10™ yrs ... S&P 500: 1/10 yrs)\ = ; !

: Saz_rxQ 5 " Cx . E<
(daily log returns for 29 Dow Jones) g%%é§§§8§8%§§g§§§§§§g§§§§>§§g
MLE gives much lower power k < 2: § . ! °
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Having approximate parametric dist. & | ! . |
$ ' s 'S
. . D 1 ) 4 o H .
we can normalize as in copula theory &P \ f .. : MR B
o . . . <& ! . : ? «*,"* o i
to x ~ uniform on [0,1] distribution: =z 40- : g B . 3 S XK : g
— 2 i ? b ° ?
t _ t o ] ¢ ® s e ) o .
X" = CDFparametric(y ) S AN BN ; RS oLt .
. . = | l S~ _J HCRm=9
HCR: Fit degree m polynomial T35 " . . ——_["HCRm=2
= 1 . | I ) _|MLE opt. k
e.g. to (xt~1, xt) joint distribution & __|Laplace k=1
k=) b STt . TTARCH(0,1)
0 5 10 15 20 P -Gauss k=2

can be evolving for nonstationary
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https://en.wikipedia.org/wiki/Autoregressive%E2%80%93moving-average_model
https://sixfigureinvesting.com/2016/03/modeling-stock-market-returns-with-laplace-distribution-instead-of-normal/
https://arxiv.org/pdf/1807.04119
https://reference.wolfram.com/language/ref/ExponentialPowerDistribution.html
https://en.wikipedia.org/wiki/Copula_(probability_theory)

Adaptivity: models evolving with time

adaptive o for n=0, n=0.94

We can normalize with x; = CDF;(y;)

e.g. Gaussian with varying o like in GARCH —% 1 ,  GARCH(LY

e.g. average — exponential moving average

EPD width: 6% = =Syexlx —pl* -

JIA log-likelihood for log-returns

p x exp(—|(x — p)/a|"/k)
density T
evolution:

:

A T R P A T

Student’s t (next slide): arXiv:2304.03069

Optimizing exponential moving estimator: » > ;2.;.“": ‘

log-lik: 87 = argming Y. .7 1" "t In(pg (x)) e /‘
‘ X .

Prefe rably n = argminn ZT ln(pe'r (XT)) static Gaussian: ¢ = const adaptive Gaussian: o(t)

Weighted linear regression: § = argming Y; w; ((MB); — x;)*
L=M"M)"TM"x = p=MT diag(w) M)~ MT diag(w) x

Adaptive linear regression: 87 = argming Y.r n' = (MB); — x,)*
pr = (mT)~1yT for exponential moving averages:
y' =y + "M —y") M = MT + (M) (M7)T — MT)



https://arxiv.org/pdf/2003.02149
https://en.wikipedia.org/wiki/Student's_t-distribution
https://arxiv.org/pdf/2304.03069
https://arxiv.org/pdf/1906.03238

with EMA: exponentially weakening weights \_0.003
arXiv: 2304. 03069

Adaptive Student’s t-distribution

with moving estimators of .u, 5.(V)

agnostic alternative to ARMA-ARCH-like:

don’t assume arbitrary dependence type,

only shift local estimators:
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evaluation: log-likelihoods

extreme events - usually v ~ 4 heavy tails, but ~Gauss in 1970s7??



Having modelled joint distribution for missing data: a; = ﬁzxexj fi(x)

substituting known coordinates to p(x) = Yjepaj fj, (x1) - ... fj, (xq)
we get joint distribution of missing coordinates (conditionals avoiding Bayes)
Imputation - modelling missing values, e.g. as expected value for each coordinate
However, sometimes ambiguity, e.g. circle as sample below we can handle.
Here we can model distribution of each missing coordinate as polynomial,

or even joint distribution of multiple missing coordinates

circle (2D) centered in (0.5,0.5), r = 0.4 Knowing only x, = 0.5, x; =?7??

we can get e.g. (joint) distribution, or expected values for (2) clusters ...

sample i n=25 o n=100
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https://arxiv.org/pdf/1804.06218

KDE — kernel density estimation -

e.g. e-radius Gaussian in each point

- huge #parameters ~ #points
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- how to choose (ellipse?) radii??
- doesn’t work in high dimension®”|

/V
- terrible log-likelihood, generalization|

So8

as it localizes in the old points _|
.p/:

cross-validation: oos |

Polynomial: MSE fittedtoe — 0

m=1 m=2
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https://en.wikipedia.org/wiki/Kernel_density_estimation

Hierarchical correlation reconstruction: p(x) = X

j 9 ;(X)

d variables, up to m-th moment, number of a; moments:

*(m+1) =

d

k=0

2x 1)

f1(X)

fo(x) =1

0:sinormalization
f;(x) f}(}’) b s wospmneguon pga ey 15}
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Also [O,1]d in higher dimensions, e.g. d = 3:

POy, X %) = ) 4y f,()fy, ), ()
jeB

= conditional distributions without Bayes |

MSE estimated from dataset X ¢ R3 :

2 i e f, (i) i ()

0.0

Y TX

b3 0.5

For con51dered statistical dependencies:

basis B of considered mixed moments

aj describes e.g. variance-variance between
L oo MR - ¥

hierarchicale.g. d =9: B3 j = (000200020)DD 05 1.0

a; = average of f; (x;) ... fj,(x4) over dataset - entire or:

- overa subset for missing data - we need only j > 0 coordinatesas f, = 1

- at+1 + (1 —A)fj(x) parameter evolution for nonstationary time
mdependent ~ correlatlon coef. further statistical dependencies var-var

pair-wise
joint density ~




Having density model,””[ . - . ..

we can cheaply sl

normalize

e.g. to uniform

x — CDE,(x) by Iines:z{-' o

or generate random

sample e.g. for

Monte-Carlo methods *°=

0.8

Generalization problem: e.g. could we avoid splitting into training + validation?

X —test, Y —training set, how to choose function basis B to maximize log-lik [ ?

1
4= ) )

yeY

l=|71|Zln 1+ Z a;fi(x)

XEX JEBT

P = 4 @) =) D O

JEB yeY

can we ask separately for j about including in B?

Assume training and test set have the same statistics, e.g. value, variance for q; ...
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Economists: ~ copula theory

HCR — agnostic,

any # of param.
Between any pairs,
also triples

and more variables|::
Cheap to use,

Cheap to estimate

also to adapt

missing data

but p < 0 happens|

81 param. < T

]

9

m


https://en.wikipedia.org/wiki/Copula_(probability_theory)
https://www.semanticscholar.org/paper/2-Copula-Theory-2-.-1-Sklar-%E2%80%99-s-Theorem-and-Copulas-Smith/e8a59cf14a861f23f8d69015ec093f6b04b86ea1/figure/1
https://en.wikipedia.org/wiki/Vine_copula

read

Predict value spread?:

(bid-ask, DAX) from =

TE

(price, volume, H-L) &

should be diagonal |

SA

AMI, HLR — noise

SIE

HCR — can handle

predicting density

DPW

— expected value

L

aXiv:1911.02361 &

Stat. in Transition

Density: additional

variance:uncertainty

skewness, kurtosis...%
=S

find quantiles,
Monte Carlo rand.,
Further nonlinear f

f(EX)) # E(f (X))

FRE

BMW

FX

NK3

CON spread

RWE HEI DBK FME LHA DB1 MUvV2 MRK

BEI

1 common 2 common jndividygl individual



https://arxiv.org/abs/1911.02361
https://sit.stat.gov.pl/SiT/2020/5/gus_sit_2020_05.pdf
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Least-squares linear regression to: V LA V "N ‘\//\\/
1) predict value as linear combination p[le) 1 +f1(y) al(x)+jé[y) az[x)+f3[y) a(x)+ f,(v) - a,(x)

normalization ~exp.value ~variance ~skewness ~kurtosis

2) HCR: predict first few moments each modeled separately using linear regression of mixed moments ofx-

each separately as linear combination

0(ylx) = ; ; X

P (yl ) z f) (y) z '8] kf k( ) interceptterm  exp. of X var. of X; exp. of X, var.of X, Xy X,correlation
' k model example (3 matrix): 8 moments of Y from 53 mixed moments of x
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Examples normalization

T

RWE, model: 123,
log-likelihood: 0.32

p(y|x) = max(5(y|x),0.03) /N 8
|

W~ND NBWN=2 O

IFX, model: 123+,
log-likelihood: 1.23

[FX, model: 123,

RWE, model: 123+,
log-likelihood: 0.86

log-likelihood: 0.78

actual value
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Large differences between companies — individual models give much better evaluation
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Choosing model size: predict * 8 moments

basis of mixed moments — difficult problem

FRE

+

. seem

..................................

.....

log-likelihood

---------------------------------------
.....

predicted first 1,2,%,4,5,6,7,8,9,10 moments of Y
from mixed moments of X up/t,o
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selective removal: ..
start with last dot above (degree 10, all coefficients) .
remove successive moments - leaving highest log-likelihood

0

1.00

0951

0.90r

0.85

p = 0'5 WOOL

o~ [ o
o N ‘ R e,
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- underfitting - °* ¥ o s,

insufficient to describe . overfitting——"™

.« essential dependencies 0o described training set behavior
: does not generalize to test set

. -

 -using mixed moments of X up to, ;. .
‘ s o0 s T 50 o 1m0

Universality — searching for common

models with lowest evaluation loss

51 FRE individual models (CV)
Eg ,///// \\
ﬁE ‘/// i \\
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AL _
= individual models IF
& HE CON  vowa
= common
model (no CV)
+ MRC
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reducing log-likelihood for a company
for succeeding common models (no CV)
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37k households GUS data (arXiv:1812.08040, ICOAE)

Find conditional distribution of equivalent income EDF of
from 31 discrete variables and 4 continuous C[%Sgll\el?

normalized to uniform on [0,1] by sorting (EDF):
1/2 is median, 10% is 10% of population
Credibility evaluation e.g. 70 years old close to median

N\

/ EDF of

How to model it with standard machine learning?
% on luxury
polynomial py(x,)—> calibration p — (p(p) —> )y density
of degree m=1_~ \% o(p(x))dx wd [\ omargmal densit
/' t \““:M.\_ N y /-1 g 0.0008 ” A/ . lnverse\ . 01 oz /'}___L—’
I o e @ //\\  distribution EDF of
N </ B e / % on food

EDF of
age

7 ears
2 | [yﬁ_ ]
/ \ sémplé and ”

p=0,051,15,2,25
/ density isolines for pairs

/ of variables normalized

/ i ‘ EDF Of‘ to ~uniform on [0,1]
inceq [PLN] using EDF (sorted values)



https://arxiv.org/pdf/1812.08040
https://link.springer.com/chapter/10.1007/978-3-030-38253-7_6
https://en.wikipedia.org/wiki/Empirical_distribution_function

Pinceq(T) =1+ Z a;jfi(z) predicted den51ty on
J=1 -

fx) —
~expected [
value )

& @

£,(x)

. ~variance
P\\ +1

I
f3(x)

| ~skewness 0]
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B! = argmin ¥, vyex ||fj (x) — Xk Biviel |3
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cumulant-like properties |
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LL(log-likelihood): average log; of predicted density in actual value:

m=|0 1 2 3 4 5 6 7 8 9
1 +exp. +var. +skew. +kurt.

0 0.420 0.566 0.576 0.580 0.578 0.579 0.578 0.578 0.577
1 1.338 1.480 1.490 1.494 1.493 1.494 1.493 1.493 1.492

Random 75% to train, 25% evaluatio
(expected value, sqgrt(var)) of predicted

LL
2LL

—predicted den51ty
— —actual value
—>evaluation 1

Log-likelihood evaluation of 35 variables:

Relevance: from single variable Y;

entropy: E[In(p(x|y;)] = —H(X]|Y;)
bits of information theoretic evaluation
in linear regression poor evaluation (?)

Novelty: loss if without this variable

L L 1 - 0 - L . 1
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000
3500 | 50001

Survey design — choosing best few variables«  sorted sqrt(var)

2500

varlable relevance: LL from using only this single variable 2000

w  Sorted sqrt(var)
SGUD;
1500 ZUUU;
1000 t

1000~
0
I I I I I I I 5000 10000 15000 20000 25000 30000 35000 5000 10000 15000 20000 25000 30000 35000
- . I I LA I I 1.00012}

3
S
=]

. predicted conditional 0.00007 predicted conditional |
varlable novelty: LL reduction if removmg thlS varlable 00010) R . - S )
‘ [ | distribution for maximal | coes;| distribution for maximal
_,_‘_0 02 00008 sqrt(var) = 3538 0.00005¢ sqrt(var) = 5180
’ ' 1.00006| 0.00004F J
I [ 0.00003 N
100004 /
0 I I I I I 0.00002 \
- | — *\—i ~ - - 1 - — Em 00002y 0.00001 /\
g — S oo o ] = : /\_ -
.E:u ?g E;’D.g %E = f 8 E E': il o S!i ; %D_é‘o &:j EL8o @ d:i§ %%DE 8 EE 5000 10000 15000 20000 25000 30000 35000 5000 10000 15000 20000 25000 30000 35000
w xXO == 5= S =5s =52 =g v 7R R R R 3 b IS
g 5= mg.ﬁ_s UE%% _QOS %’59““ g_:

survey design: LL from chosen first few variables for m=4 (all: 0.574)

| sf sourcel food pers source2 edu sft casheq unemp urb
LL10.217 0.321 0.398 0.435 0.467 0.493 0.512 0.527 0.539 0.545




=rpredicted 10 deg 20 polynomials /| |  calibrationtop >0 4
for normalized variable # I‘| ‘ p=ao(p)/Z /
\

B = 1+ £0)-a,() +f2[y) az(X)+f3(VJ ag(XJﬂi(y) (X)
normalization ~exp.value ~variance  ~skewness ~kurtosis ¥
ul ;’/“ ] Final evaluation:

marginal
distribution

halflifetime_human_liver

" log-likelihood o
g //d

2 sorted p(y"|x") )
_in 10-fold cross validation prediction examples " [halflifetime_human_liver, predlcted density analy51s of peaks: ﬁi“ m]
log-lik = mean In(p(y"|x") blue: right - actual value is inside this peak : maximal density
e : . k analvsi 1 i . «—minimum—» .
#3579 points, log-lik = 0.85 peak analysis example I orange: wrong, it is outside 1
03| &g . >0.6, >0.1 >0.8, >0.15 ]
6 ' ; 219, cases -~
intermediate evaluation 3 21% cases, 6% cases,

Iy

20/ o Q604 vip
exp(log-lik) variance reduction: ) 85 /o right 6% l"bm

S P(y)dy

“width of maximal be

1 D) i ] variance(a,) / 1
_ ¥ variance(a, - prediction
b) “P
%.n nfz 0.4 06 D‘ﬁ ‘/ moments [ = 1, ’ZOI
dataset points|loglik|]] 2 34 56 78 910 12 14 16 18 20
caco2_permeability 1241 | ©.66 [ 0.1
caco2 permeability papp| 2400 | 6.57 1.6
cardiotoxicity_ hERG 10635 | 0.62 1.4
halflifetime human_liver| 3579 | ©.85 | ’ E)i B i e e e Db e <
protein_plasma_binding | 2664 | 0.62 12 00':': ~ - probability inside maximalpeak . .
C) solubility 1763 | 0.45 90 02 04 0.5 0.8 70
Predict prOba blllty selectlon peak (width, probability) above 2 thresholds |selection: q(v) = Jo P)dy above or below some threshold
100 caco2_ e[~ T caco2_ “caco2 1 caco2
. . . E 1 gl /\
d istri but| ons Of 005 permeability =2 permeability |/ & = permeability ;,, permeability_
000F 0.90 2‘ papp - E papp
. 0ss m_-m, bosl@ J"mr ,O(y)dy 04| %, 2 06l
chemical widdh of z I3
0.80 W 0.80 | .
: ]l g ot B2 meamacal\_
properties for b 01 01502 e Jepm e 0 valesafter Ny \
. ‘ & selection to percentage ‘ o =" selection _ Mo N~
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virtual screening

095

(arXiv: 2207.11174) .
Molecular Diversity -
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https://arxiv.org/pdf/2207.11174
https://link.springer.com/article/10.1007/s11030-022-10589-0

Drug selection to test (arXiv: 2109.06211)
extreme statistics optimization — select for
not average, but the best of e.g. n = 10 chosen drugs

Cpr ()

= Pr

min X;

ieD’

<ux

=1- HiED’(]- — Cz($))

In(IC50): of the needed concentration
GDSC data: 537 drugs x 962 cell lines (~10% missing)

0

-5

-10

-stamong - .
all drugs

empirical disti'ibutions |
best n drugs from search

naijve: take flrst n drugsts.
SO sorted by mean-

~ approximatedas
mixtures of 2 Gaussian

E — expected value

'o
..""‘aﬁio.

first batch size n,

-1.5 ; : n :

|}

o8}

D
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2
L
Q
e
wv
OG-Q

[N
’O
g

5
| @©
a
=]
=

[D =D, bound]ﬁ_._‘

n 2

5 10

among all drugs
(upper bound, D'=D)
\

among 10
lowest mean

=-6.976
8-6.429
=.6.574

@

(naive approach)
90

among 10 with
highest Pr(X<-6)

among 10 with -
highest Pr(X<-7)

=-7.503
$-6.917
E-7 104

-7 081

@

7]

-+
jl=
(]
vl
o

choice o? 1,.

f

20 drugs green best in quant

11
HEEEEEEERE RN

mraT 1] L
I

o

ile rankmg v1olet best in search red: in both

HEENEEEERS EEE|

n
12

PF-00299804, mean=-3.05717
0.5

11

-10

i1
57 10\:“'“816 20 23\‘ 31 37

C1-1033, mean=-2.07878
0.5

-5 0 5 -10 -5 o 3

CPI-613, mean=-1.97049
05

I
I
20 23 26

CMK, mean=1 .2293:3
05

|
[
12 57 10 16

sine Kinase 1 Inhibitor I, mean=-
1.223

31 37
113

.5
4 04
.3
: 16% o, /\‘
g w
0 5 -10 5 0 § 10 -5 0 5

GSK2110183B, mean=-4.62809 = JAK1_3715, mean=-4.29313 | QL-VIII-58, mean=-4.26003 IPA-3, mean=-3.87739 BMS-509744, mean=-3.81887 Salubrinal, mean=-3.62 Venotoclax, mean=-3.46878 Ipatasertib, mean=-3.45037 AS605240, mean=-3.39558 | CCT-018159, mean=-3.27561
05 05 05 05 05 05 05 05 8 05 9 05
04 04
number £ X X
03 03
o sorted
7 02 by mean 02
B 01 01
L S -
-10 -5 0 5 -10 -5 0 -10 -5 0 5 -10 -5 0 5 -10 -5 0 5 -10 5 0 5 -10 -5 0 5 10 -5 0 5 10 -5 0 5 -10 -5 0 5
]  BMS-509744, p=0.329949 GSK2110183B, p=0.196653 QL-VIII-58, p=0.186613 Venotoclax, p=0.168328 GSK650394, p=0.163384 IPA-3, p=0.150922 630600, p=0.13947 LMP744, p=0.135286 CCT-018159, p=0.113468 Elesclomol, p=0.101387
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O
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BMS-509744, p=0.309254 GSK2110183B, p=0.18581 QL-VIII-58, p=0.178344 Venotoclax, p=0.166018 IPA-3, p=0.152848 GSK650394, p=0.143574 630600, p=0.143501 LMP744, p=0.134805 XMD8-92, p=0.112845 CCT-018159, p=0.111257
7 A
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https://arxiv.org/pdf/2209.06211
https://www.cancerrxgene.org/

o T T 4.0 r———— : - -
E empirical distributions " [E approximated as
best n drugs from search ™o mixtures of 2 Gaussrcms

150

E — expected value

i ) . lssf
best n drugs.from quantile ranking
-6.0

How to optimize for the lowest values (not mean)?
- search enlarging e.g. 1000 most promising subsets,

naive: take first n drugslest
-sramong

sorted-by-‘mean °* 4,
Lo """ccc;.

- take best for some (which?) quantile: cheap approx il drugs first batch size n

,L(D’=D, bound)—, bs—_————» . e

- are there some better ways? Literature? \ . : C—— ) = . %

sl thresholding evaluation s4p ]
| for 5, ..., 20 drugs bestt~ -6
E best t~ -6 '65—‘—\_/:-| ]

..""olcl.

B0+

Then prediction of probability distribution (data?)
(based on tissue type, genetic ... previous tests)
As mixture of A-B Gaussians (binomial: on-off gene?)

predict w — probability of being in left Gaussian (A)
W pa(x)
w pa(x)+(1-w)pp(x)

chmce of 1 ., 20 drugs gl een: best in quantlle ranking violet: bestin search red in both

regression from Pr(4|X = x) =

Finally: normalize + predict polynomials (HCR)? T |
maivestake tirstrdr 1BSI | 1 ‘ I I I I I I | EEEEEE
12 57 103111816 20 23;26 31 37112 57 10 16 2023 26 31 37
10 -9 - -8 N ) ' — : 1  PF-00299804, mean=-3.05717 |  Cl-1033, mean=-2.07878 CPL-613, mean=_1 97049mnmbmru megp=: CMK, mean= 122959113
i imi i N 22 . 113
after the first test of 10 drugs (optimized t=-6), evaluation of second test of 10 drugs 04 04 0 . 04
. . | 03 03 03 3 0.3
each of 962 points represents cell line ‘ . , o . 16% o,
horizontal position: lowest LIC50 if using fixed mixture Gaussians for each drug ‘ _Mﬂ g i Voo
Vertical pOSitionSZ -10 5 0 5 -10 -5 0 5 10 5 0 5 -10 -5 0 5 -10 -5 o 5
blue = best LICSO iln]()n;—.’, £1“ d l‘llgS | CGSLnK21101838 mee:)ns. -4.62809 = JAK1_3715, meanosfl 29313 QL-VIII-58, mean;;A 26003 IPA-3, n1e§n=—g£?739 BMS-509744, mean=
orange - choosing 10 drugs for second test with | 3 " 04} 04
predicted weights of mixture Gaussian | E zz ZZ
g o i s — | @ f |
below diagonal - prediction has improved, ° e | 2 ‘ 1! ‘/\\oi
on average by ~0.1 T S N O T N S S S S
f * o ® ® 3 BMS-509744, 9:0,329949 GSK2110183B p= 0 196653 QL Vill- 58 p=0.186613 Venotoclax, p=0. 168328 GSK650394, p=0.1
.‘_3 % *% r ' ‘S‘Q - / 04} 04 04 04
° ! - ~00 /03 03 g, 03 03
omn = ;
® %N 02 o 02 02[ 0.2
[ ‘ 01 01 LICSO 0.1 1 0.1
® & 4 -8 E -10 5 5 -10 5 10 5 -10 5 5 —10/\/—:/\\
L4 | BMS-509744, p=0.309254 GSK21101838 p=0.18581 QL-Vill- 58 p=0.178344 Venotoclax, p=0.166018 IPA-3, p=0.1528:
[ § £ 04 t 04 04% 04}
A0 | \'/ S n 03 03 03} 03}
e&\cr"\ _w‘é o 0 02 02 02} oz%
= \‘)‘ '/ A E 01 1 /\}1\ A
orange in blue weight prediction has allowed to localize the best available drug = = CRET 0 s S0 s T ‘
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21 variables:
discrete,
continuous,
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https://arxiv.org/pdf/2206.06194
https://academic.oup.com/mnras/advance-article/doi/10.1093/mnras/stae963/7644359

Canonical correlation analysis to optimize features —»

1 Redshift - CCA optimized basis

1: ~expected value 2:
3: ~skewness

2

1

~variance

for 21+1 variables, model (I1 regular.), var. evaluation /

1 precjlcted, nonzero: 33 MSE/variance: 0.424957 2 pre:ilcted, nonzero: 48 MSE/variance: 0.77699
o3t | of d¢: ~expected [value 1*| pf a,} ~variance
0.2 0.3
0.1 02|

o .'. [

-- *-;'--gjfw-o—v-r-g-%r%m ol | :
-0.1 | ] ' ' o® ® "
b ;MW WW
d 0.1 i :

3 predicted, nonzero: 38 MSE/variance: 0.898875 4 predicted, nonzero: 35 . MSE/variance: 0.96069
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Non-stationarity analysis for blazars ~ ~~ ~  — =~
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some fjx (Ve, Yert)

Some aj (1)

coeffieicnts polynomial basis joint density model
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Multi-feature cross-correlation analysis

EG

scatterplots HCR PCA "multi-feature delay time correlations
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https://arxiv.org/pdf/2305.09478

“Ifasignal Y = (y,) "Granger-causes" (or "G-causes") a signal X, then
past values of Y should contain information that helps predict X
above and beyond the information contained in past values of X alone”

Usually true/false: linear regression of X with/without (y.: 7 < t),

Proposed multi-feature Granger causality: multiple, delay dependence:

1) Residuer; = x;

— “prediction of x; from its past”: (x;: 7 < t),

delay At dependence: find correlations in (7, Y;_a¢)an ¢
2) Multiple: ~i.i.d. residue r;, probability prediction: r, = CDF__;(x;)
multi-feature HCR+PCA: p((7, ye—ar)e) = 1+ Xio1 fo, (1, ¥) a,(At)\
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gresult multi-feature reason result first blue dominates then orange dominates
% Granger causality  eg Fpl>F7 after ~100ms after ~200ms
L = . norm p-norm . - . .
)~ _reason earlier in seconds o earlier 4 later  its density contribution: | 1ts density contribution:
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http://www.scholarpedia.org/article/Granger_causality

result.  multi-feature reason result first blue dominates then orange dominates
Granger causality  eg Fpl—>F7: after ~100ms after ~200ms

v . norm -norm ' . . .
reason earlier in seconds eatlier o later : its density contribution:
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b
(a): P(a,b,c) = P(a)P(b|la)P(c|b) \ . / \c /
(b): P(a,b,c) = P(b)P(alb)P(c|b) b b c
(c): P(a,b,c) = P(c)P(b|c)P(alb) \ . “\ /
(d):P(a,b,c) = P(a)P(c)P(bla,c) € a b
I(a,b,c):(a) = (b) = (c) - b dividesa and ¢

I(a,®,c): (d) independent  Pearl, Verma (1990)(a) (b) (c) (d)
I(A4,B,C) = (P(AlB) = P(A|BC),P(C|B) = P(CIBA)) : A independent of C given B

Link (article)) X - Y: Y=f(X)+E (ELX)| vs Yo X: X=fY)+E (E' 1Y)
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(b) rings
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https://www.semanticscholar.org/paper/Equivalence-and-Synthesis-of-Causal-Models-Verma-Pearl/17d451204a460a4739c7b1627a128a125f4af120
https://blog.ml.cmu.edu/2020/08/31/7-causality/
https://www.researchgate.net/publication/221619551_Nonlinear_causal_discovery_with_additive_noise_models

arXiv:2311.13431
W = CDFxy(X)
normalized
variable extracts::
individual '
information of X,
removing
information of Y

ERORIPERS |1, G vl Lo mttees L

reversible(CDF)aly Y x  uniformize lines (z,y) <> (z = CDFx|y—y(x),y)

direct mutual information (removing intermediate Z): I (X |1Z;Y|Z )
decouple to independent:(Xy, ..., Xp) © (Xp, .., Xn): Vie; Xi L X, X L X,
Granger/interpretable models from individual decoupled variables
Bias removal (e.g. gender, age) from data: not to be used by “ethical ML"

How to model conditional CDF from many variables??? HCR ... ?

+ ingll‘e)(?y) o Z | (Xl, Ce s Xn) decouple to individual information
Xdirect:I(X|z;Y|z) Y (X1, . $ Xn) Vi Xs 1L X5, X, 1L X



https://arxiv.org/pdf/2311.13431
https://arxiv.org/pdf/1703.04957

Multi-feature
correlation
analysis
(CEJOR)
evolving in
time like

DCC - dynamic
conditional
correlations

E.g. for
Contagion
analysis

between
markets

e.g. to detects
crucial events
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https://link.springer.com/article/10.1007/s10100-021-00756-3
https://www.jstor.org/stable/1392121
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https://en.wikipedia.org/wiki/Discrete_cosine_transform#DCT-II
https://en.wikipedia.org/wiki/JPEG#Discrete_cosine_transform
https://arxiv.org/pdf/2204.08242
https://arxiv.org/pdf/2204.08242
https://arxiv.org/pdf/2204.08242
https://en.wikipedia.org/wiki/Singular_value_decomposition

People usually focus on prediction of values (— of moments — density)

where prediction of probability distributions gives some advantages?

Prediction of value is of e.g. Gaussian around this value

- control of prediction uncertainty, prediction of higher moments,
- statistical modelling in data compression — needs probabilities,
- controlling multi-modality, e.g. Gaussian-mixture, ———  ~

value prediction

- proper variable contribution evaluations e.g. with conditional entropy,
- Monte-Carlo: generate random scenarios with close statistics, -

- credibility evaluation, find outliers — low probability datapoints, _-_ _.. '.-:f =

- nonstationarity analysis: evolution of probability density, — ~ ~ = =
- asymmetric correlations e.g. a;, — implying causality direction? &=

- extreme statistics optimization e.g. best batch of drugs to test,
- uniformize data in multiple dimensions e.g. x" = CDF,,(x),

- selection for extreme, certain values — e.g. virtual screening of drugs |

- Bayes scenarios directly from joint distribution

I

- biology-inspired neural networks ...

. i; ‘-‘_

P(Y,Z|X)

Xi

P(X,Y,Z)

P(X|Y,Z)


https://www.dropbox.com/s/zcvqcy251cq2daf/image%20comp.pdf
https://arxiv.org/pdf/1812.08040
https://arxiv.org/pdf/2207.11174
https://arxiv.org/pdf/2405.05097

08l H

Multidirectional propagation of conditional distributions, their expected values

|dataset T— - propagation
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Neuron containing local joint distribution model — of its connections

with (aj) e.g. a;; matrix (d = 2)/tensor (d > 2) as neuron parameters
propagation as conditional densities/expected values E|x|y], E[y|x]

=N 4 £.00f () (@) in neuron " E{y|x]
p(ey) = ) ay fiof; ) (%) Inneuron

i,j=0
i i 0.6
! |X] Z —fl( )f,(y) estimation ;
(x,y)EX 0.2} N
p(xly) = Zﬁ(x) 29y J;) OO'%. 02 04 06 08 10
i>0 Zja‘Oj f]()’) .‘_'1.0:‘ : ' a—— )

1l 1 2jaqj fi(y) 208/
E[xly]—2+2\/§zj'a0j fj(}’)\ ;(006

B Yiaij fi(x) 1
p(ylx) — ;f](x) Zl aip fl(x) y§O4
1 1 Yiay filx) NO.2

Elyla] =5 + 23 Y aio fi(x)

I(X;Y)zzi,po(aij) S o ® 2N S9 g 02 04 06 08 10



https://arxiv.org/pdf/2405.05097

Can we directly train intermediate layers?  (video)

Naftali Tishby, information theoretic view — permutation, bijection independent
Markov process between layers, first extract/compress essential information
reducing mutual information [bits] H(X) = I(X;Ty) = I(X;T,) = -

Information bottleneck (Tishby): for X - T — Y optimize irTlf I(X;T)— PI(T;Y)

iITlf [(X;T) | sup I(T;Y)
T

o
/

compression prediction

O 1@
olle
@ \



https://youtu.be/bLqJHjXihK8?si=056WNXfotx9AojZ3&t=820
https://en.wikipedia.org/wiki/Naftali_Tishby

MLP, KAN parametrizations _reducible HCRNN data structure, biologically plausible

fundamentally action potential .—>
multidirectional AN NG axon

(joint distribution) Na_> or €—__

oropagate values Of Probability e.g. for uncertainty

pros'agg.z;cz(\)lzlsues m‘ ﬁ ﬁ ﬁ ﬁ ﬁ distributions @eshmahon

(also joint)

optimized for
single direction propagation

top-down error signals, e.g. backprop | layer-wise error signals, e.g. information bottleneck

. training
nput > [ |> - nput 17| —> # —> 7 |- oba
N compress predict
sequential error |simultaneous =T [l T teaching
” L
error & | €| L error (i % | P Do signal
propagation/ 2~ é propagation /( k-l Tk A Kk Tk+1 P

HCRNN — neurons containing local trained by backprop, estimation,
djik q'\l\X
_ , or information bottleneck:

joint probability distribution modelp ¥
Y
% %

as p(x) = Ya; f;(x) density

(a;) —tensor, fj(x) — fixed basis

Can be degenerated to KAN-like CX =XX', C7=WT¥ batch features
allows propagation in any direction — BCy = 0 diag(4; < -+ <1,) 0"
of values, probability distributions ¥ T 0,,«1 k- k features on size n batch

e.g. p(x|y, z), p(y|x), E[z|x,y] Z update NN weights toward: X'T, TTY




fo(x) =1 ‘fl(x) polyn,

variance f,(x) ~skewness ~Kkurtosis
<~exp.value 7 fz2(x) I '

fo=1fi 2x =1, f, fix) f;(x)dx = &

x & CDF(x) ~ U[0,1] empirical/param.

p(x,y,2) = Yijkes @ijk f[i(xX) i) fk(2)

mean: ay = = Leeynex i 0fi(@)

i 25 (1 = Dage + A L, fe(2)

Zf'(x) 2jk @ijic [ fi(2) current
: ¥ ik aoik [ fr(2) normal.

l+ L Yjkayjk fi)fi(2) sufficient

2 2vV3 Xjkaojr [i(¥)fi(2) if norm.

Yiaij fi(x) current

Y.iQioo filx) normal.

> 0@
ik

11 Xjagjo i) POV sufficient

— NAIN

2 2+/3 Yjagjo fj(y) like if normalized

HOO =~ = Yeps(a)”  [nits]

2
I(X;Y) = ijeg; ijeB,}* (a(jx,iy))

Mi,jk = aijk SVD: MMT = Zi g; vivf
gi(x) = Xv;j fi(x) v; v =0y
fi = Xiviig Qiji = X1 Vi Ak

How to train intermediate layers/variables?
- standard backpropagation of a;, gradients

- Information bottleneck method for neurons

normalization |
NN arXiv:2405.05097 d=3 variables| F3sin [0'.1]
Reduced to ~KAN for HCR neuron| ' rormelee
S— | ____|| HCR joint density
pairwise-only dependencies norrr:alllzel'iitw | static estimation
.. E— A A1 2 ERICHLAE from X dataset
Additionally: u);”k {fYor{g }X’ TR
} < e /| model update
canextendto 7 P ¥ o0 = 1y, ) ~
triplewise or higher, T conditional
- omnidirectional | E[X = x|y, z]
. T propagation?
propagation :I:(_)' W p(y, z|x) =
- direct a; parameter Z L conditional
; - p(x) = Zj aj f}(x) E[Y = y|x] =
estimation/update, o(ty2) for d—3 | NS
- propagate values or propagation: entropy,
are et . p(x|y, z) mutual
probability distributions, ol 2lx) l sl
- interpretation: moments, airwise basis optimization
KAN:i-i k= (y,2) > x
- cheaply calculate entropy, ZKAN- T/ K= U 1 e} 5 gy
mutual information, HCR X
" . neural
- additional training e.g. hetwork ,
tensor decomposition, uorlp(u) Sy
b

information bottleneck
+
By 8.8 .,

q»

-up/down propagation
+ a;, estimation/update

N \ - tensor decomposition

k =Y. . wlt B2 ok,
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https://arxiv.org/pdf/2405.05097
https://arxiv.org/pdf/2404.19756

