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1. INTRODUCTION

With the progress of globalization not only theoreticians and practitioners of economy but
also other representatives of social sciences are dealing in economical practice with the term
risk and risk management. Many contemporary scientists are perceiving risk as a threat for
further worldwide development.

“... the world is no longer able to control risk created by modernity, and precisely: the faith is
extinguishing present society will be able to control the threats caused by them — not because
of neglects and failures of modernity but rather because of their victory (...). It becomes
obvious that responses of individual countries to that global challenge are like reaction of
Stone Age to the problems of the Industrial Age.” These words come from Urlich Beck book
“World Risk Society”. The author draws attention to the fact that with increasing
globalization in many areas of human activity, individuals have less and less impact to limit

results of risk.

This observation is also valid for processes taking place in the economy. In the last few
decades we witnessed the economic crisis which rose as a result of lack of control and
limitation of the investment risk (e.g. bankruptcy of Barings Bank, the crisis on the mortgage
credit market in the USA in 2007). The global character of financial market transactions is
causing the effect that individual actions with too high risk level result in the higher risk on

far away markets.

The history of using quantitative sciences for limiting risk of economic decisions has the
beginning in the first part of 18" century. At that time the only mechanism of limiting risk
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were insurance contracts. Two hundred years later when derivatives started their career on the
market the need for better construction of risk management methods has arisen. Nowadays
many countries are taking steps for obliging their financial institutions to construct the proper
procedures for protecting against too high risk exposure.

In the EU countries since few years two big projects are introduced. These are Basel Il and
Solvency II. The first one concerns the control and mitigation of risk in the banking system,
the second one — in the insurance companies. Both projects are based on the assumption that
undertakings cannot be forced to using one universal risk management system. The model
should be tailored to the profile and structure of the undertaking’s business. In the second
pillar of Basel II the companies are even encouraged to develop their own models of market
risk valuation using the method of Value at Risk.

The idea of risk measuring using the Value at Risk concept (VaR) is devoted to finding the
amount of capital that is necessary to hedge the company against the high losses from the
undertaken business in the assumed investment horizon. To set the value of this capital one
needs arbitrarily set the investment horizon and the level of probability of the highest losses
that can be accepted by the investor. Generally the legislation system sets the investment
horizon to one workday and probability level not exceeding 1%.

Market risk of the investment covers the risk connected with the exchange rate changes,
interest rate changes, equity price changes and commodities prices. Many factors influence
the final level of this risk. One cannot assume that the above factors are independent so in the
risk valuation method one should consider also the dependence structure between them.

In the last years the copulas are used to the description of the comprehensive dependence
structure specification. They have an advantage over the typical measures of the degree of
dependence (linear correlation coefficient, Kendall’s t, Spearman’s p) because the copulas

are not the single number but the function set on the space R™.

n-dimensional copula is n-variate distribution function on (0,1)" whose univariate marginals
are uniformly distributed on (0, 1).

The usage of the copulas in practice needs to develop the method which on the basis of the
empirical data would allow for the estimation of the copula’s parameter or parameters. The
common procedures of the estimation of this parameter(s) are:



¢ maximum likelihood method (MLE),
¢ canonical method of maximum likelihood (CMLE),
e inference function for margins,

* calibration method.

In the papers of (Tsukuhara, 2005), (Foscolo, 2008) and (Weiss, 2010) the minimum distance
method of the copula parameter estimation was used. The results of the analysis lead to the
conclusion that the minimum distance method can serve as the good way of copula parameter
estimation. The development of the achieved results in this area seems to be advantageous.
And additionally the measuring the effectiveness of the minimum distance method in the

market risk management on the basis of Value at Risk seems to be very interesting.
2. THE AIMS AND THE THESIS OF THE DISSERTATION

The primal methodologies of the VaR estimation are based on the historical value of the
undertaken investment analysis (historical method) or on the assumption that joined
distribution of the variable combined from the risk factors is the normal distribution
(covariance method and Monte Carlo (MC) simulation method). Above mentioned legal
recommendations of own internal models of the VaR calculation give the opportunity to
conduct the research in the area of Value at Risk calculation.

The main goal of the presented thesis is the construction of the method of Value at Risk
estimation in such a way that the dependence among the risk factors are modeled using the
copula function and the obtain values of are acceptable. The operation and effectiveness of
the proposed method has been compared to the standard methods i.e. covariance

method, historical method and MC simulation method.
The realization of the research required the testing of the following propositions:

e Market risk is the phenomenon that can be measured by the quantitative methods
(measures of riék},

e Value at Risk is the risk measure,

e Value at Risk as the commonly used risk measure has drawback that it ignores the
theoretical assumptions of itself,

¢ Legal recommendations encourage the financial institutions to using the value of risk

concept despite its deficiency,



* There exist some measures which allow for comparison of the efficiency of different
methods of VaR estimation,

® The copulas are the tool that can be effectively used to describe the dependency of
two or many risk factors,

® The estimation of the copula parameter on the basis of the empirical data series and
the selection of the optimal family of the copulas for gathered data may be done with
the minimum distance method with the distance measure produced by the norm

1
||I||p = (E:Lll:rilp}’ from the space [P where p > 1.

3. THE RESEARCH METHODS

Realization of the assumed aim of PhD dissertation and formulated above prepositions
required to use several research methods.

The first part of the dissertation is theoretical and includes the overview of the literature
connected with the main terms from the dissertation. These are:

* Definition of risk as a measurable category.

* Definition of risk measure and the analysis of the required properties of the risk
measure.

* Definition, properties and methods of calculating Value at Risk.

* The analysis of the reasons why Value at Risk is used in economy practice.

* Showing the definitions and properties of copulas.

* The analysis of the copula parameter estimation methods and method of the optimal
copula choice for the assembled data.

In the thesis the most important achievements in the area of copula parameter estimation
methods, Value at Risk computing methods and applying copulas for estimating VaR are
documented. In this part of the dissertation the research method are compared. The concepts
of risk, risk measure and Value at Risk are not equally formulated. Therefore it is necessary to
concern advantages and disadvantages of the most popular definitions of terms in the
literature in order to define risk and Value at Risk to be in operation in the next part chapters
of the thesis.



The second part of the dissertation is empirical and is devoted to make an assessment of
effectiveness of copula parameter estimation methods with the usage of the minimum distance
method. There is also empirical verification of the quality of the new proposed procedure
for VaR computation method. In this part of the dissertation two research methods were used:
experiment method (computer simulations) and statistical method.

The computer simulations are run with self-written procedures in the environments: R.3.1.2
and Mathematica 9. The large multi-dimensional samples from the distribution determined by
the known family of copula and their parameter are simulated. In order to statistically analyze
the data and make a statistical description and verification of simulated samples many
statistical indexes and tests are used, e.g.:

e bias and mean square errors of estimators,
* Shapiro-Wilk test, Kupiec test and Christoffersen test,
e loss function' for the Value at Risk.

4. STRUCTURE AND DESCRIPTION OF THE STUDY

The proposed in the previously described points research thesis and methods are viewed in the
dissertation structure. It is composed of five chapters among which the first four ones are
theoretical and the last one is focused on empirical analysis. The dissertation contains also the
introduction, the summary, the bibliography and the appendix. The appendix presents self-
made tables and figures which are illustrations of the indirect research results but not so
important to put them into particular chapters.

The first chapter of the PhD thesis introduces the reader in the nuances of the term risk.
Besides the historical outline of that term different types of risk (especially market risk which
is the subject of dissertation) are described. Also axiomatic definitions of risk measure are
here discussed.

(x, + VaRi(X))?, forx, <= —VaR'(X)

0, for x, > —VaRt (x) ™™

* Two loss functions in the research were used: L(VaR%(X),x,) = {

(ixel-|var )’ e
L(VaRL(X),x) ={ = [arkon] - for % <—VaR'(X)
0, forx; > —VaRL(X)



The second chapter concerns the review of risk measures. They are divided onto three groups:
the neutral meaning of risk, the negative meaning of risk and sensitive measures. For each of
these groups, if it is possible, the axiomatic definition from the previous chapter is assigned.
The aim of these considerations is to legitimate why some risk valuation methods are used in
economical practice whereas they do not have correct theoretical properties. Thus the term

Value at Risk is ambiguous.

The third chapter includes the review of Value at Risk estimation methods. Some of them are
strongly connected to the main interests of dissertation and they are described more precisely
whereas the others are only signalized. In this part of PhD thesis different techniques of
verification of VaR estimation methods are described. Additionally, the study of legal
regulations which determine the usage of VaR for market risk valuation by financial
institutions in Poland. On the basis of literature and earlier self-made researches one can
distinguish the cases when the VaR measure does not fulfill the diversification property for
portfolio.

The fourth chapter of the thesis is an introduction to the subject of copulas. After the copula
definition has been chosen this chapter includes broad review of copula examples. In this part
the ways of copula applications for computing Value at Risk are shown. There are also
different methods of copula parameter estimation described.

The last chapter contains the empirical analysis. Firstly, there are results of two simulation
researches with the usage of several copula families and main copula parameter estimation
methods. These researches show that the minimum distance method can effectively estimate
copula parameters. Although it is a time-consuming method it does not have disadvantages
which are specific to other methods: complicated form of log-likelihood functions for some
copulas and lack of opportunities to write the coefficients required in analytical formula (e.g.
Kendall’s t for Gumbel-Barbett copula). Estimation with minimum distance method needs
only the assumption that the formula of copula and the range of their parameter are known.

In the first part of the minimum distance method effectiveness test seven kinds of copula
families with the dimensions n = 2 and n = 3 are concerned. For each of them five values of
their parameters were randomly chosen. The values of bias and mean squared error were
calculated on the basis of the results for samples counting T = 50 and T = 100 observations.
In the second part of the test three families of the two-dimensional copulas were analyzed.

The selection of these copulas results from including additionally estimation by calibration
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method and interval estimation method. The bias and mean squared error were calculated for
the samples with T = 250 and T = 500 observations for forty different parameters of
Clayton copula, Gumbel copula and Farlie-Gumbel-Morgenstern (FGM) copula.

In the second part of the fifth chapter one can find the description and results of the empirical
analysis concerning the portfolio exposed to three risk factors in the period 05.07.2007-
27.02.2014. Empirical data is here understood as the daily logarithmic returns calculated for
exchange rate EUR/PLN, price of gold and WIG20 index from Warsaw Stock Exchange. In
the research the Value at Risk in the one-day horizon was estimated on the basis of 250
observations from the preceding days. To describe it precisely let us denote one day of
calculating VaR as t; so that the Value at Risk was estimated on the basis of data from
periods t =ty — 250,y — 249, ...,tp — 1. In the presented research the estimators of VaR
were calculated for 1432 days assuming the level of tolerance a = 1% or a = 5% and

using:

e covariance method,

e MC simulations method,

e historical method,

e simulation method with the Clayton copula, Gumbel copula, Gumbel-Barbett copula,
Frank copula, Farlie-Gumbel-Morgenstern copula, Ali-Mikhail-Haq copula and
generalized Clayton copula.

Every situation when in the real daily data the loss of the portfolio exceeded the calculated
VaR is called the exception. The number of exceptions was summed up for every method of
VaR estimation in the test period (1432 days).

Described in this part of the PhD thesis the scheme of calculation of VaR estimator with
the usage of simulation method with the above mentioned copulas is the realization of

the main research goal of the thesis.

It should be stressed that the value added by the thesis is the usage of minimum distance
method with the distance measure produced by the norm from the [P space in all the tests
described in the last chapter of the thesis for the extended scope ie. for p€
{1;1,5;2; 4;8} and p = +o, contrary to the previous research led only forp =1, p = 2 and

p = oo



5. THE RESULTS

The proposed researches concerning the comparison of different copula estimation parameter

methods gave the following results.

According to the bias criterion and together with the increase of the length of the
sample T the minimum distance method is more effective than calibration method and
CMLE.

CMLE should not be used for Gumbel copula parameter estimation because of
crucially higher level of bias and MLE than other methods.

Interval estimation is not an effective method of copula parameter estimation.

The best results for minimum distance method are obtained when p = 1,5.

In the empirical analysis concerning computing VaR using copulas the following results are
obtained.

b

2)

3)

4)

3)

The covariance method and MC simulation method have too high fraction of
exceptions in the test period when tolerance level is @ = 1%.

For tolerance level @ = 1% almost all methods of VaR valuation are acceptable
because of Kupiec and Christoffersen statistics.

The historical method for both tolerance levels a has the fraction of exceptions in the
test period the closest to a.

The hypothesis about the correctness of VaR estimation methods for @ = 5% should
be rejected in case of CMLE and minimum distance method for Clayton, Gumbel,
Frank and generalized Clayton copulas.

For the data used in the empirical research for VaR valuation the best result is
obtained for Clayton copula with p = 400 and @ = 1% and for FGM copula for p =
8 and tolerance level a = 5%. This choice is justified by using all the following
criterions:

fraction of exceptions in the test period is less than assumed tolerance level a,

values of Kupiec test and Christoffersen test statistics are less than the proper critical
values,

the lowest value of the loss function in the test period for all concerned methods of
VaR computation.



6) The analysis of distance function values for p € {1;1,5;2;4;8} i p = 4+ in the
minimum distance method showed that the optimal family of copulas for the data is
FGM copula.

6. FINAL RESULTS

The methods of VaR estimation with simulations using copulas are effective and often better
than standard methods of Value at Risk valuation. The minimum distance method is a good
way of copula parameter estimation. The empirical analysis does not confirm the hypothesis
that value of parameter p should be close to 1.5 when MDE is used.

The presented paper is showing several possibilities of continuation further analyses
connected to the problem of VaR estimation by copulas. The empirical research can be
extended in the direction of usage other data series e.g. taking more factors of risk,
introducing derivatives to the portfolio and also taking data from other markets than the

Polish market. \n>_~
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